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Abstract. This paper explores distance measures based on genetic ope-
rators for genetic programming using tree structures. The consistency
between genetic operators and distance measures is a crucial point for
analytical measures of problem difficulty, such as fitness distance cor-
relation, and for measures of population diversity, such as entropy or
variance. The contribution of this paper is the exploration of possible
definitions and approximations of operator-based edit distance measures.
In particular, we focus on the subtree crossover operator. An empirical
study is presented to illustrate the features of an operator-based dis-
tance. This paper makes progress toward improved algorithmic analysis
by using appropriate measures of distance and similarity.

1 Introduction

In canonical tree-based genetic programming (GP), part of the search process is
carried out using transformation operators on tree structures [1]. From a topo-
logical point of view, these operators can be thought of as defining the neigh-
bourhood of these trees. To analyse various properties of the search process, it
is often useful to know the distance between two trees. For example, if we wish
to calculate a well-known measure of problem hardness, such as fitness distance
correlation [2-5], we have to calculate the distance of a sample of trees from a
particular global optimum. As trees become closer to the optimum, we would
like the improvement in fitness to be positively correlated with the decrease of
distance, making the search more predictable. Furthermore, when studying di-
versity, the distance between two trees is required in order to find the average
pair-wise degree of similarity of the trees in a population. When the average
pair-wise distance of the population approaches 0, the population is converging
and we can expect the search to become stuck in a local optimum. The use of
tree structures and multi-node altering transformation operators (e.g. subtree
crossover), typical of GP, makes, among other things, defining operator-based
distance measures complex. Thus, the study of fitness distance correlation has



largely progressed using systems with single-node altering transformation oper-
ators like single-node mutation [4, 5]. This allows appropriate conclusions to be
drawn from empirical results for correlating the improvement of fitness with the
change in distance to an optimum. Likewise, most research for diversity methods
and measures in turn rely on using distance measures based on single-node differ-
ences between trees [6-9]. The most common are variations on the Levenshtein
edit distance.

Defining a distance measure, or measure of similarity, that is, in some senses
“bound” to (or “consistent” with) the genetic operators being used informally
means that if two trees are close to each other, or similar, one can be transformed
into the other in a few applications of the operator(s). The complexity involved
in using operator-based distance measures is two-fold: firstly, distance needs to
be re-defined for the specific operators being used. Thus, if we add a new muta-
tion operator or a variation of subtree crossover, we will need to reconsider the
distance definition. This results in a large design complexity. Secondly, actually
computing an operator-based distance can be much more computationally ex-
pensive than the more straightforward edit distance. For example, complexity
is increased for operator-based measures as typically the distance between two
trees depends on the current population. The computational complexity involved
in operator-based distance measures encourages the use of approximations such
as edit distance.

The complexity of the edit distance between two trees is in O(k), i.e. depen-
dent upon the number of k nodes in the trees. Computing the pair-wise distance
between every tree in the population has complexity O(M? x k), where M is the
size of the population and k is the average size of the trees. If the edit distance
measure defines a metric space, symmetry only requires W comparisons.
For fixed-length bit-string genetic algorithms, Wineberg and Oppacher showed
how this can be done in O(M x k) with preprocessing of the population[10]. This
method would become more complex to design with a variable size and shape
representation like GP trees.

The contribution of this paper is the exploration of defining operator-based
distances and a discussion of the approximation of such distances. A distance
measure based on subtree crossover is defined for a constructed problem, and
an empirical study demonstrates its features. Section 2 introduces the concept
of distance based on a genetic operator and its applications to a canonical GP
system. Section 3 defines a new distance measure bound to standard subtree
crossover. Since the calculation of this distance measure may require a lot of
computing resources, some techniques to approximate this measure, thus reduc-
ing computational complexity without compromising its efficacy, are presented.
Section 4 presents some experimental results showing the suitability of this dis-
tance measure, compared to a well known tree distance measure.



2 Defining Operator-Based Distance

Initially, we explore what operator distance means in a typical system. In this
section, we consider a simple steady-state GP system using syntax trees to repre-
sent individuals, and subtree crossover for variation. Subtree crossover proceeds
by selecting a subtree in a parent tree and a subtree in a donor tree, where any
node in either tree can be selected. Next, subtree crossover replaces the parent’s
subtree with the donor’s subtree. New trees replace the parent trees. Concerning
distance, the question we want to answer is: what is the distance between two
trees contained in the population according to a given operator, such as sub-
tree crossover? In other words, we would like to know the algorithmic distance
between two solutions according to a particular representation, operators, and
fitness measure. First, we define some notation:

— P is the population, containing M trees,

— T is the tree we want to compute a distance from, or the parent tree,

— T5 is the tree which we would like to transform T} into,

— T1/T5 is the difference of the two trees. This operator produces a tuple
(sty, ST,), i.e. a pair of subtrees, where subtree sz, € T» must replace sy, €
T to make T7 = T5.

Supposing that T} € P, the crossover distance between 77 and T depends
on the ability to select s, from some tree in P. Thus, the crossover distance?
between 77 and 7% also depends on the population P: if 75 € P, then sp, will
also be in P. In the case where T5 € P, we could state that the distance is equal
to 1, since it is possible to transform 77 into 75 in just one crossover application.
On the other hand, if s7, ¢ P then it will require more than one application of
subtree crossover to make T} = T5. Following this idea, calculating a distance
value in the light of multiple applications of an operator would need to consider
if any applications of subtree crossover to 77 would result in a new tree T}
that required subtree s7, to transform T7 into Tp. If 57, € P, the distance is
2, since it is possible to transform 77 into 75 with 2 crossover applications. To
find distances greater than 2, we need to continue this process. This definition
of operator-distance is an accurate reflection of the subtree crossover operator
for a steady-state model with offspring-parent replacement. However, there are
obvious problems with calculating this distance. Let us assume the average size of
the M trees in P is k, and that crossover can choose any node in the population
as the root of the new subtree. The number of potential intermediate trees T
to consider for distances greater than 1 is M x k. The distance calculation needs
to be carried out for each of these trees to decide if the distance is 2.

Now, if we consider a generational model, which seems to be largely used
in the GP community, an operator defined in terms of the population makes
defining distance using multiple operator applications even more difficult. For
example, we may consider the new tree Ty after an operator application on T

3 The generic term “metric” would probably be more suitable than the term “distance”
here; anyway, we go on using the term “distance” for simplicity.



using the population P. In a generational algorithm, we will then need to con-
sider the next population P’ when thinking about another operator application
on T}. We can either create all the possible next populations or we can approxi-
mate them. Creating the future populations presents computational limitations.
Similarly, we might create the future expected populations using calculations
similar to the ones found in the schema theorems for GP [11]. However, find-
ing the future expected populations is also costly, essentially requiring a similar
amount of computation as actually running the GP algorithm.

Furthermore, let us assume that we calculate the distance between T and T5
as 1, meaning that one application of our operator to 77 can build 7. However,
when we actually execute our algorithm, it is not certain that this particular
application will occur. If we calculate the distance between Ty and T» as 3, which
depends on two intermediate trees, we know with less confidence if either T or
Ty will actually be produced. The decreasing amount of confidence we will have
in the accuracy of distance values based on future generations is likely to make
this type of distance measure less useful. Therefore, in practical applications of
operator-based distance measures, it may only be useful to know the likelihood
of creating a particular tree 75 in the next generation.

To overcome the difficulty in defining a multiple operator distance, and to
incorporate the stochastic properties of the algorithm, we can consider operator-
distance in terms of the probability of correctly applying the operator once. That
is, if one tree is in the neighbourhood of another, how likely is it that this neigh-
bour will be found. Since we know (or we can easily calculate) the values of
parameters like the selection probability of trees and the frequency of all sub-
trees in the current population, we could assign a probability to the selection of
all subtrees in the next population. If we know what subtree is required to make
two trees equal, then we may approximate distance in terms of the probability
of selecting this subtree. While this measure would only consider one operator
application, it will do so with a higher confidence and at significantly less com-
putational effort then considering the future expected populations. However, we
could attempt to approximate the creation and selection of subtrees in future
populations using a similar method. We now look at this new idea of distance
measure more closely.

The new operator-based distance can now be formulated as: given an operator
V, trees T1 and T3, and a population of trees P, can V be applied such that
V(Ty,P) = Ty? That is, can an operator V', that uses the genetic material in
P, be applied once to 177 to produce 157 If the answer is ‘yes’, we would not
say that distance is 1, but we would bind this distance value to the probability
of generating T» from the application of V' to Tj. Instead of asking for the
required number of edit operations to transform a tree T; into another tree
Ty, we ask how probable is it that an operator will transform 74 into T5. In
other words, if the required genetic material to transform 73 into 75 is present
in the population, how probable is it that our operator V selects it? In case
T7 and T, share no common material, this will be the probability that subtree
crossover selects the root of 77 and a subtree equal to T5. Note that using



this type of distance measure reporting a probability may pose a problem doing
fitness-distance correlation studies. We are currently looking at ways to overcome
these problems by accurately approximating the likely construction of missing
subtrees. We will now describe this probability-based operator distance measure
for subtree crossover.

3 Subtree Crossover Distance

We will consider a subtree crossover distance between two trees in a population in
context of the genetic material contained in the population. Given the subtree
crossover operator Vgo, a distance function can be defined by the following
pseudo-code:

func distance(Ty, T, Vso, P ){
(s1y,5m) = T1 /T2
psl = probSelecting(sr,,T1 )
ps2 = probCreating(st,, P )
return psl *x ps2

}

Given the subtree s7, that needs to replace sy, € 11, the distance is defined in
terms of the probability of selecting s7, in 73 and the probability of creating
(or selecting) s7, from P. Both functions, probSelecting() and probCreating(),
require knowledge of the selection probabilities used in the algorithm. Finding
st, and s, and determining the probability of selecting s, € T} can be done in
linear time in the size of T7 and T5. The crux of the subtree crossover operator-
based distance is finding the probability of generating the subtree sr,. As T»
will be in the current population, the function will report a non-zero value (this
is the case if selecting the root-node of Ty is possible).

The probSelecting() function can be defined for subtree crossover based on the
node selection probability. Given uniform node selection, selecting the subtree
s, € Ty has the probability of ﬁ The probCreating() function for subtree
crossover can be defined to consider all the occurrences of the subtree st, in the
population and their probability of selection. That is, for a tree that contains sr,,
we may want to know how likely that tree will be selected by a selection method.
We will then want to know the probability of selecting sr,. Determining the
number and selection probability of each occurrence of s1, € P is in O(M X k),
where k refers to the average size of an individual in the population. To carry
out this search for each pair-wise distance computation would have a complexity
in O(M? x k?). Preprocessing the population prior to carrying out the pair-wise
distance calculation can reduce this complexity.

So far we have limited our distance measure to the single application case,
which would seem appropriate for standard GP as only one application of an
operator is typically used to generate a new individual. We have also considered
the whole population as a source of potential subtrees. However, as we know,



evolutionary algorithms use fitness-based selection to implement solution compe-
tition. Therefore, not all trees have the same likelihood of being selected as donor
trees. We can use this fact to provide an effective way of reducing complexity of
this operator distance while preserving the utility of the measure.

A way to reduce the complexity of the above subtree crossover-based defini-
tion, which can also be applied for other operator-based definitions, is to only
consider those trees and their subtrees that are likely to be selected. We can
define threshold values « for tree selection and [ for subtree selection. Then,
we can produce the set of fit (or likely to be selected) trees F' according to the
following definition:

F = {Vi € P | Better_Than(i, )},

where the predicate Better_Than(i, «) is True if individual ¢ has better fitness
than more than « individuals in the population. The value of o should reflect the
behaviour of the selection method being used, e.g. in terms of the tournament
size in tournament selection. We can find the set F' in O(M) time and are only
required to do so once for the whole population (if we are calculating the pair-
wise measure). Now, for subtrees s and w in an individual i € F'; we can define
the set R of the likely-to-be selected subtrees according to:

| {Vw € i |

sl =ful}l |

R={(Vs€i)A (i€ F) i

That is, a subtree s in individual ¢ (from F') will be in R if the number of subtrees
in ¢, with the same size as s, divided by the the total size of 7 is greater that §. In
effect, we are only considering those subtrees of a given size that are likely to be
selected by a uniform node selection probability. For example, in a full tree with
7 nodes (depth 3), and a uniform node selection probability, selecting a specific
subtree with 3 nodes has probability of % Selecting any (of the two) subtrees of
size 3 has a probability of %, and selecting a subtree of size 7 has a probability
of % However, selecting a subtree of size 1 has probability of %. Thus, while it
may not be the exact probability of selecting a specific subtree with 3 nodes, we
can focus our attention only on those subtrees that are more likely to be selected
due to their size. So, if subtree crossover needs to select a very large subtree to
transform one tree into another, we might assume the likelihood of doing this
will be so small that it is effectively 0. Additionally, if the missing subtree is only
in a tree that has a very low chance of being selected, due to its poor fitness,
again it may be reasonable to report a probability of selection as 0.

In summary, two ways to reduce the complexity of a subtree crossover-based
distance are: (1) only consider the trees in the population that are likely to be
selected, and (2) in those trees, only consider the subtrees that are likely to be
selected. Tuning the parameters a and § will allow us to reduce the complexity
of the computing the population pair-wise distance. However, a potential disad-
vantage of this approximation, particularly in discrete fitness spaces, is the fact
that the number of individuals with fitness better than « individuals in the pop-
ulation can vary. Thus, if the population has no duplicating fitness values, this



approximation scheme may reflect reality. However, if the population contains
only one unique fitness value, then all the individuals have the same probability
of being selected. Preprocessing the population prior to computing the pair-wise
edit distances can also consider o and (8 to reduce the memory demands of the
distance calculation. We now complement the above discussion of operator-based
distance measures with an empirical study of one such operator-based measure.

4 Experimental Results

In this section, we investigate the practical side of implementing an operator-
based edit distance measure for the subtree crossover operator. To reduce the
complexity of this study and its presentation, we use a constructed problem
similar to the problems that emphasise solution structure, or tree shape, like the
Lid [12] problem.

4.1 The GP System and Problem

The GP system is the same as above, but a new tree produced by subtree
crossover replaces the worst fit one in the population (instead of the parent tree).
Again, only subtree crossover is used, where node selection for subtree crossover
is uniform. Tournament selection is of size 3, and a population of 20 trees is
used. The functions are two-argument nodes that have no meaning. Primitives
are empty, null nodes. Thus, our trees are binary, where internal nodes always
have two child nodes. We use a maximum depth of 7 during subtree crossover,
and initialise the population with full trees of depth 3, where these tree shapes
are all identical.

A random tree shape is generated to define the goal state, or instance. A tree
shape is generated by randomly picking an odd number between 16, to ensure
trees are not too small, and 31, the size of a full tree of depth (7-2). We then
randomly, with uniform probability, assign two child nodes to each available
leaf node, starting with a root node. All leaf nodes that have depth less than
the maximum are deemed available. This tree shape defines the instance. This
construction method is similar to one found in [12].

The tree shape, defining an instance, is abstracted by representing it by the
number of nodes present at each depth. Fitness is the absolute difference between
the number of nodes at each depth in a candidate tree and the target random tree
shape. For example, Figure 1(a) shows a random tree that defines an instance,
and Figure 1(b) shows a perfect solution with the same number of nodes at each
depth. Note that the shape of the solution is not identical and allows flexibility,
as well as possible deception, in the search process.

We generate 30 random instances, and collect 30 random runs of the system
for each instance, with a maximum of 500 generations (subtree crossover appli-
cations). The GP algorithm found an optimum solution 614 out of the 900 runs,
the earliest of these at generation 16 and the latest at generation 499. The aver-
age generation where an optimum was found was 291, with a standard deviation
of 117 generations.
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Fig.1. An instance is defined by a randomly generated tree shape (a) and can be
solved perfectly by a candidate tree shape that has the same number of nodes at each
depth (b).

4.2 Operator-based Distance

In this study, we will use a simpler version of the operator distance defined in
Section 3. Specifically, we will only consider the frequency of subtrees required
to make two trees equal. We define subtree crossover distance Dgc between two
trees T1 and T5, given the population P, as:

occur (s, , P)

Dsc(Th, T3, P) = 1
so(Ty, Tz, P) #subtrees(P)’ v

where subtrees(P) returns the set of all subtrees in a population, and occur(s, P)
counts the number of occurrences of a subtree s in a population P. Earlier we
defined the difference of two trees as Ty /T» = (s1y, $1, ), where the resulting tuple
defined the subtree in 737 that needed to be replaced by sp, to make 77 = Ts.
We will define our operator-based distance for an average pair-wise distance
measure in a population, thus sz, € P. However, it is possible that sz, will only
be represented by the tree T2 itself, requiring that sp, = T7.

4.3 Complexity

To calculate the average pair-wise distance using Dgc requires M? — M distance
calculations, where M is the number of trees in the population P. An edit
distance pair-wise calculation would have an average complexity, assuming k
is the average size of a tree in the population, of O(k x M?). However, and of
particular interest here, our operator-based distance Dg¢, while having the same
worst case bound, is likely to be less as the entire trees do not need to be explored.
As soon as two subtrees that do not match are encountered, Dgc computes the
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Fig. 2. A scatter plot showing the correlation between the edit distance and the
operator-based distance, average pair-wise distance in each population.

frequency of the missing subtree and returns. That is, the complexity of Dg¢c
is in O(m x M?), where m < k. The function subtrees can incur a memory
cost as it needs to store all unique subtrees in P and their frequency. However,
this function only needs to be carried out once prior to each average pair-wise
distance calculation, and requires linear time to visit all subtrees.

4.4 Pair-Wise Distance

Measures of distance or similarity can be useful for a variety of analysis. For
example, the average pair-wise distance between all the trees in the population
can indicate the amount of genetic material remaining in the population, as well
as the likely behaviour of the operators. In both cases, it is important that the
distance measure reflects the behaviour of the operator for meaningful results.
We carried out two average pair-wise distance calculations using a standard edit
distance and our subtree crossover operator-based distance. The edit distance
measure counts the number of non-identical nodes between two overlapped trees.
We normalise the average pair-wise distance of a population by dividing it by
the average tree size (number of nodes) in that population. The operator-based
distance measure divides the number of occurrences of the missing subtree by the
total number of subtrees in the population, indicating the likelihood of selecting
this missing subtree (but not with respect to fitness). We subtract this number
from 1 to produce a measure of dissimilarity similar to the edit distance, where
values close to 0 indicate high similarity, and values close to 1 indicate high
dissimilarity.

Figure 2 shows the correlation between the two above measures. As the
operator-distance is based on the frequency of missing subtrees in the popula-
tions, which tend to contain more and more subtrees in subsequent populations,
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Fig. 3. A scatter plot showing the correlation between the edit distance and the
operator-based distance complexities, or the average number of nodes visiting during
the calculation of each pair-wise distance measure.

the range of these frequency values will also vary from population to population.
Therefore, to visualise the frequencies with varying ranges more effectively, we
multiply a population’s average pair-wise operator distance by the population’s
average tree size. This value is then scaled for the [0, 1] range. We can see that for
low values of dissimilarity (~ 0 to 0.4), there is the expected positive correlation.
However, as the edit distance dissimilarity increases, the operator-based dissim-
ilarity takes on a wide range of values, and vice versa. Even in our simulations
using a simplified problem of only tree shapes with no node contents and a fairly
simple measure of operator distance, the disparity between the operator-based
distance and the common edit distance is clear. That is, two trees that appear
to be similar according to edit distance are not necessarily similar in terms of
our operators.

4.5 Complexity Reductions

As mentioned earlier, there may be some cases where an operator-based distance
measure can reduce the complexity of measuring distance. For example, using a
basic string edit distance generally requires that all nodes of each tree need to
be checked. However, if we are using only the subtree crossover operator, if the
root of a subtree does not match with the root of another subtree in a second
tree, we do not need to continue the comparison of these subtrees. That is, we
know that the whole subtree will need to be replaced using subtree crossover to
make the two trees equal.

Figure 3 shows the correlation between the complexities of each pair-wise
distance measure. We can see that the edit distance complexity, approximated
here as the average tree size in the population, grows at a faster rate than the



The evolution of unique subtrees
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Fig. 4. The number of unique subtrees in each generation for all runs. Initially, with a
population of full trees of depth 3, there are only three unique subtrees.

operator-based distance, where the former is a function of size and the latter
a function of dissimilarity. However, this should be taken in the light of the
higher cost of preprocessing the population prior to the operator-based distance
calculation as well as the memory constraints involved in storing and looking up
the frequencies of various subtrees. For example, Figure 4 shows the evolution
of the number of unique subtrees in each population during the runs. For a
population of size 20, with a depth limit of 7, there averages around 65 or so
unique subtrees that need to be stored. While the representation used here is
quite simple (binary trees with no node content), a memory requirement (number
of unique subtrees) for computing operator distance that is within a constant
multiple of the population size is promising.

5 Conclusions

This paper represents a first step in the study of the issues concerning operator-
based distance measures for genetic programming. The variable shaped and sized
solutions in the tree representation can make defining operator-based distance
measures difficult. Therefore, it has become very common to use edit distance
measures instead. Distance measures that do not capture the operator behaviour,
however, are not always applicable for analytical studies like fitness distance
correlation. Also, these measures need to be used carefully when studying popu-
lation diversity. Thus, we aim to examine the practical difficulties in measuring
distance using the canonical operator, subtree crossover. A series of possible def-
initions of operator-based distance were defined in this paper. Importantly, we
discussed ways of reducing the complexity of such measures by means of various
approximations. An empirical study showed how an edit distance measure and



an operator-based distance measure can fail to correlate. We showed in the simu-
lations that operator-based distance can result in a reduction of complexity over
an edit distance measure, where complexity is the number of nodes examined
during a pair-wise distance calculation. Our future work is exploring other def-
initions of operator-based measures, for subtree crossover and other operators,
and the tradeoffs involved with reducing their complexity.
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