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Abstract. Populationmeasuredor geneticprogramsare definedand analysed
in anattemptto betterunderstandhe behaiour of geneticprogrammingSome
measuresiresimple,but do not provide sufiicient insight. The moremeaningful
onesare complex andtake extra computationtime. Here we presenta unified
view on the computationof populationmeasureshroughaninformationhyper
tree(iTree).TheiTreeallows for aunifiedandefficient calculationof population
measuresia abasictreetraversal.

1 Intr oduction

“Things shouldbe assimpleaspossible put notsimpler”
Albert Einstein

A populationsearchmethodusingvariablelengthrepresentatiofisuchasgeneticpro-
gramming)requiresexpensve measurego collect, mine and visualisedynamicsdue
to the repeatedraversalof individuals making up the population.For the researcher
it would be usefulto quickly have an overview of populationdynamics,which often
involvescomplex computationsHowever, it is essentiato employ measuresvhich are
easyto use,intuitive, and efficient to computein orderto reducethe compleity and
expenseof suchanalysis.Implementingsuchmeasuress usually difficult and time
consuminglnsteadthe compleity of the analysisalgorithmor problemaretypically
reducedo allow for detailedanalysis.

We introducean advanceddatastructurethatis efficientto maintain,offersa com-
pactview onapopulationof treestructuredyeneticprogramsandallows for theefficient
computationof mary populationmeasuresln this way, exploratory analysisbeyond
simplemeasureglik e fitness,nodecountsor diversity basedon uniquenesspecomes
moreaccessibléo theresearcher

Our datastructurecaptureghe populationinformationneededo computeseveral
simpleandcomplex measuresThe datastructure(the informationtree,or “iT ree”) is
realisedasa “hyper-tree” on the populationof trees.TheiTreerepresentsheinforma-
tion obtainedfrom a completetraversalof the individualsin the population.The uses
of theiTreearetwo-fold:



— theiTreemakesthe computatiorof mary usefulpopulationmeasurepossibleand
efficientand
— theiTreecanbe visualised pffering compactviews of the population.

We first introducethe informationhypertreeanddemonstratéow it improvesthe ef-
ficiengy of several measuresWe then discussseveral more complex and expensve
measureswhich becomeaccessibleand intuitive with the help of the iTree. We also
describeatypical situationsthatcall for iTreevisualisation.

2 The Information Hyper-tr eeof a Population

We introducethe information hypertree (iTree) for a populationas a datastructure
thatcollectsimportantdetailsof theindividualsmakingup the populationin oneeasily
accessiblglace.We constructthe iTreeof a populationof geneticprogramsbasedon
two principles:

1. Thestructue of theiTreemustbe sud thatit incorporatethe structuie of anytree
in the population.ThereforetheiTreewill have anodeat somelocationif thereis
atleastonememberof the populationhaving a nodeat the samelocation.

2. Each nodeof theiTree shouldcapture the populationinformationrelatedto that
particular nodeposition.In the basiccase this informationis the numberof trees
in the populationthathave anodeatthe givenlocation.

In Fig. 1 we shaov exampleiTreesfor threesmall populationsof genetictrees(for a
symbolicregressiorproblem).For simplicity, we only look atbinarytreesj.e. problems
whereall functionsaccepttwo arguments.The measurepresentedn Fig. 1 will be
explainedlater.

The iTree canbe constructedor any setof genetictrees,not only for the whole
population.For example, the iTree correspondingo the mostfit individuals during
a run could provide information aboutthe expectedstructureof the solutionto the
problem.TheiTreecorrespondingdo all individualsvisited duringa run could provide
informationabouttheregion of thetreesearctspacecoveredby therun. TheiTreecor
respondingo the solutionsof a numberof runscould uncover structuralsimilaritiesor
differencesf thefound solutionsandcontrituteto the understandingf GP-hardness,
for exampleby complementind aidaetal’s study[4].

We constructheiTreein atop-davn manneystartingfrom theroot. Consequently
theiTreewill reflectthetop-dovn structureof therepresentetteesThisapproachsthe
oppositeof Keijzer'sbottom-upmethod[6]. He buildsthetreesstartingfrom theleaves,
andby representingnly oncethe commonsubtreeghatoccurin differentindividuals
hecanspace-dfciently represena population.ln themeantime, theiTree’s purposds
to make possiblethe computationof complex measure$or ary setof genetictrees.As
subtree-baseheasurearenotthatstraight-forvardto computewith theiTree,thetwo
methodscouldbe usedin conjunction.

In the subsequensectionswe shall describethe computationof populationmea-
sureshasedon theiTrees.We shallreferto the iTreesof populationsbut the measures
for iTreesassociatedo othersetsof treescanbe computedsimilarly.



Population P, :

ED diversity=5.33 1B, =0
SC diversity=2.33 1B,=0
Population B :
iTree
M=9 ED diversity=6.33 1B, =6
M=11 SC diversity=2.33 1B,=6
M =5

Population R, :

iTree:

M, =7 ED diversity=6.33 IB; =6
M,=13 SC diversity=2.67 IB,=8
M4=6.25

Fig. 1. TheiTreesandmeasuresorrespondingo threepopulationsof threegenetictreeseach



3 The Node Coverageof a Population

Thereareanumberof meaningfulmeasurethatcanbeeasilycomputedrom thebasic
informationstoredin the nodesof theiTree. Thesemeasureganbe usedin analysing
how well a populationexploresthe searchspaceof treestructuresWe areableto find
answergo thefollowing questiongelatedto apopulationP with correspondingT'ree:

— How mary nodepositionsarebeingexploredin the treesearchspacehisis the
numberof nodepositionsin abinarytreethatthepopulationsamplesdy atleastone
memberThis measureanbefoundby simply countingthe nodesof theiT'ree,

M(P)= Y L

AciTree

— How mary geneticnodesaretherein the populationAVe only have to sumup the
valuesstoredin the nodesof theiT'ree:

My(P)= Y na.

A€iTree

Whencomparingiwo populationsof trees,we cansaywhich oneis largerin terms
of nodenumbersNotethatin orderto obtainthetotal numberof nodesin a popu-
lation withoutusingtheiTree,onewould have to sumup thesizesof individualsin
thepopulation.

— How full is theiTree? We cancomputethe degreeof fullnessas:

1 1

M3(P) = —————— 4.
3( ) size(P) AEiZTree 9depth(A) na

In orderto obtainthis measurewithout usingthe iTree,one would have to do a
traversalof all treesin a population.For a full iTree, M3(P) = depth(iTree).
For very sparsdrees,M3(P) — 1.

If two populationsP;, P, have valuesM; (P;) < M1(Py), My(Py) > M»(P,) (asin

Fig. 1), thenthesecondpopulationexploresalargerregion of thetreesearchspaceput

the first populationperformsa betterexplorationthroughmore representatiesof the

nodeslf Ml(Pl) = Ml(P;;), MQ(Pl) = MQ(Pg) andMg(P1) > M3(P3) (SeeFig. 1)

thenthe first populationhasmore nodesat lower depth,i.e. hasmore shallaver and
fuller treesthanthe secondpopulation.PopulationP; may containdeeperandsparser
treesthanpopulationP; .

3.1 Entropy

SupposgheiTreealsocontainsnformationaboutthedistribution of terminalandfunc-
tion valuesthat are coveredby eachnodein the population.We could associatean
entropy valueto eachiTree nodethat canshav how biasedthe populationis toward
specificvaluesin the nodes For agivennode A4, thedistribution of valuesover the set



of functionsandterminalsF' U T is givenby D : FF U T — N, whereD(s) is thenum-
berof genetictreesin the populationcontainingsymbols in thelocationcorresponding
to nodeA. Theentropy of nodeA is then

_ D(s) o D(s)
B = SE;UT ZUEFUT D(v)l gzveFuT D(v)

wherelog is the logarithmwith the basethe total numberof functionsandterminals
|F U T|. Theclosertheentropy valueis to 1, the moreuniform the distribution is and
the closerthe entropy valueis to zero,the morebiasedthe distribution is. The entropy

is alsoa measuref nodecontentdiversity: for a givennodeit hasa largervaluefor a

bettercoverageof thefunctionandterminalsetsandalowervaluefor aworsecoverage,
respectiely.

4 Structural Diversity of a Population

Measuringgenotypediversity in tree-basedjeneticprogrammingcan be very time-
consuming.Structuraldiversity is usually measuredasedon pairwise distancese-
tweenindividualsin a population[15, 8]. Usually, the averagedistanceof two individ-
ualsin a populationis employed. Therefore computingdiversityis very expensve: if
the populationsizeis N, thereare N x (N — 1) pairsof individuals.For eachpair
T, T», thetime compleity of obtainingtheir editdistancas O(|T1 | x |T3|). Similarly
to Winebeg and Oppachers resultson geneticalgorithms[10], we can significantly
reducethe computatiortime of structuraldiversitywhenusingtheiTree.

4.1 Edit Distance

The edit distanceof two labeledtreesis definedasthe cost of shortestsequencef
editingoperationghattransformonetreeinto theother{7, 9]. Theeditingoperationsare
deletinganode,insertinganode,or changinghelabelof anode.ln thebasiccasesach
operationis consideredvith the samecost.In orderto computethe structuraldiversity
of a population,we needto maintainthe symbol (terminal and function) distribution
in eachnodeof theiTree.Normally, diversity would be calculatedasthe averageedit
distanceoverall pairsof individualsin the population Whencomparingwo individual
treesnodeby node threecasesanoccur:

1. Bothtreeshave the samesymbolat the examinedposition,the nodehasno contri-
bution to the edit distance;

2. Thetreeshave differentsymbolsat the examinedposition,sothe costof changing
alabelis addedo the editdistancepr

3. Onetreehasno nodeatthe givenposition,sothe costof adding/deletinga nodeis
addedo the editdistance.

At the nodelevel in the iTree,eachindividual is representedy the numberof occur
rencesf theindividual’s symbolin thatposition. The sameedit distancediversity can



be calculatedby traversingthe iTreeandsummingup the nodes’contribtutions.Given
the distribution of symbolsfor a node,obtainingthe nodes contribution can be for-
mulatedascountingthe numberof pairsof non-identicalsymbolsencounteredn that
positionin theiTree® Thenumberof pairsin asetof N symbolsis N (N —1)/2. Sim-
ilarly, thenumberof pairsin asubsebf D(s) identicalsymbolsis D(s) (D(s) — 1)/2.
So,thenumberof non-identicalpairsis

N(N=1)/2= 3 sepur D(s) (D(s) —1)/2
= (1/2) (N* =N = ¥ D(s)* + . D(s)) = (1/2) (N £ D(s) = 3 D(s)?)
= (1/2) 32 (N D(s) — D(s)*) = (1/2) 32 D(s) (N — D(s)).
Thealgorithmfor computingdiversityastheaverageeditdistanceébetweertwo individ-
ual treesof a populationof N treeswith correspondingTree is presentedelon. We

denoteby i Nodes the numberof individualsin the population which samplethe root
nodeof theiTree. Thetime compleity of thealgorithmis O(|F U T'| x size(iTree)).

Diversity(i Tree, N)

begi n
di st =0;
if i Nodes < N
dist := dist + i Nodes x (N - iNodes);

for each synbol s encountered in the root of iTree D(s) tines
dist :=dist + D(s) x (N- D(s));

dist :=dist / (Nx (N- 1));

if the root has nonenpty left child ilLeft
dist := dist + Diversity(ilLeft, N);

if the root has nonenpty right child iRight
dist :=dist + Diversity(iRight, N);

return dist;

end

4.2 DistanceBasedon Structural Comparison

Insteadof the edit distancewe can usethe distancebasedon structuralcomparison
describedn[5]. Thedistanceof two binarytreesA andB, with thetwo subtreeslenoted
as.Left and.Right is definedas:

d(root(A), root(B)) if both A and B areleaves
dist(A, B) = < d(root(A),root(B))+
+ x (dist(A.Left, B.Left) + dist(A.Right, B.Right)) otherwise.

In the simplecase whenwe just countthe differencesj.e. d(z,y) = d, (Kronecler
delta),if we usetheiTreefor computingthe averagedistanceof two treesin a popula-
tion, the contribution of a nodeis the sameasin the caseof the editdistance The only
differencen thealgorithmis thatthediversity of subtreess discounted:

3 For unified treatmentwe canassumehat eachnodein theiTree representgNodes nodes,
N —iNodes beingthenumberof “empty” symbols,or numberof individualsin thepopulation
which have no nodeatthatlocation.



if the root has nonenpty left child ilLeft
dist :=dist + 1/K x Diversity(iLeft, N);

if the root has nonenpty right child iRight
dist :=dist + 1/K x Diversity(iRight, N);

In themoregenerakase computingthe contribution of anodebecomesnorecom-
plex,thetime neededor this operatiorbecome®) (| F UT|?) andconsequentlyhetime
compleity of thealgorithmbecome®) (|F U T|? x size(iTree)).

5 Distanceof Two Populations

As emphasisedby Winebeg and Oppachef10], the distanceof two — consecutie —
populationscan play an importantrole in understandinghe dynamicsof evolution-
ary computatiormethodsinsteadof computingpairwisedistancedbetweerindividuals
from the two populationswe caneasilyobtainthe distanceof the two populationsby
traversingtheiriTreesin parallel.

Normally, thedistancebetweertwo populationss computedastheaveragedistance
betweerany two individualsfrom thetwo populationsComputingthe averagedistance
diversityof a populationis a specialcaseof computingthedistanceof two populations,
namely whenthe two populationsare identicalandwhenthe distanceof an individ-
ual to itself is not counted.If we usetheiTreesof the two populationswe obtainthe
following algorithmfor computingthe edit distanceof two populationsby generalis-
ing the algorithm presentedn Section4.14 The time complexity of the algorithmis
O(|JFUT| x (size(iTreel) + size(iTree2))).

Pop__Di st(iTreel, iTree2, N1, N2)

begi n
di st =0;
if iNodesl < N1
dist :=dist + (NL - i Nodesl) x i Nodes2

+ i Nodesl x (N2 -i Nodes2);
for each synbol s, D1(s) tines in iTreel, D2(s) tinmes in iTree2
dist :=dist + DI(s) x (N2 - D2(s))
+ (N1 -D1(s)) x D2(s);
dist :=dist / (2 x (NL x N2));
if at |least one root has nonenpty left child (iLeftl or ilLeft2)
dist := dist + Pop_dist(iLeftl, iLeft2, N1, N2);
if at |least one root has nonenpty right child (iRghtl or iR ght2)
dist := dist + Pop_dist(iRightl, iRight2, NI, N2);
return dist;
end

In orderto obtainthedistancebasedn structuralcomparisonyve only have to modify
therecursvecallsto includethediscountssimilarly to thestructuraldiversitypresented
in Section4.2.

6 The Imbalance of a Population

TheiTreeof a populationcan provide informationabouthow the populationsamples
differenttreestructuresA very unbalancedTreesuggests biasedsampling(specific,

4 Whenever onesubtreds empty we male the recursve call for the null subtreerepresenting
zeronodes.



mostly sparsetree structuresare often presentin the population),whereasa balanced
iTreesuggestsiniform samplingof nodes.Theimbalanceof a populationcanbe seen
asanindicatorof the structuraldiversity of the population:(1) A largely unbalanced
iTreesuggestshe presencef mary similar treesin a population(low diversity).(2) A
balancediTree correspondgo a populationthat coversthe full tree structure.ln an
extreme, but very unlikely casethis could be the resultof the populationcontaining
only full trees.Otherwise the populationcontainsall sortsof structureswhich cover
togetherthefull treestructure(high diversity).

6.1 Original Imbalance

Colless[2] definesanimbalancemeasurdor a phylogenetidreeasthe sumof absolute
differencedetweerthe sizesof the two subtreedocatedat eachbifurcationin thetree
underconsiderationWe usethe samembalancemeasurdor our datastructureandde-
noteit by I B;. We considetthesizeof asubtreeasthenumberof nodescontainedn it.
A fully balancedTreehasthe samenumberof nodesin all subtreeshathave the same
parentIn thecaseof binarytreestheonly fully balancedreeof somegivendepthis the
completdreeof thesamedepth.A populationof treescorrespondingo afully balanced
iTreeexploresall the possiblenodesin the programtree structureto someextent. The
moreunbalance@niTreeis, themoreunexploredregionsexist in the“structurespace”
of programtrees.In orderto saysomethingaboutthe extentto which the programtree
structureis beingexplored,or moreexactly, how uniformly the programtreestructure
is beingexplored,we needa moredetailedmeasuref imbalance.

6.2 A Mor e Specificimbalance

We considerthe sameimbalancemeasurdor a populationsiTree,with the exception
that insteadof the size of a subtree,we usethe total numberof genetictree nodes
containedn that subtree(thatis, the sumof nodenumbersfor eachiTreenode).We
denotethis type of imbalanceas I B, and showv threeexamplesin Fig. 2. The most
unbalancedTreewould have all nodesconcentrateth onesubtreeBut if anodeof the
iTreehasary children,it musthavetwo children,bothrepresentinghe samenumberof
geneticnodesdueto our restrictionof binaryfunctions.If we denoteby n; thenumber

Fig. 2. Examplesof differentiTreescorrespondingo the sametotal numberof nodes



of geneticdreenodesatdepthi in aniTree thelargestpossibldmbalancel B, for atree
of depthk is Efzz (i — 1) x n; (seetheexamplefor depth3 in Fig. 3(a)).°

A completelybalancedTreeis afull treewith uniformly distributedgeneticnodes
at eachdepth,with correspondingd B, = 0. However, thereexist unbalancedTrees
with I B, = 0, suchasthe exampleshowvn in Fig. 3(b). In suchcasesthe original im-
balancameasurd B, > 0. Thetwo measureareinsufficientby themseles,but, taken
togetherthey canshav whethera populationis exploring all regionsof the structure
searchspace(I By ), andto what extentthe actually representedegionsare being ex-
plored(IBs). If aniTreehasIB, = 0 andIB; = 0, theiTreeis afull treeof some
depthd andall nodelocationsat somedepthi < d areexploredto the sameextentin
the population.This doesnot necessarilynvolve just full treesin the population(see
Fig. 1 for example).

1Bi=4
IB,=0

(@) The most unbalanced (b) An unbalancedTree with
iTreeof depth3 IB; =0

Fig. 3. Exampleof unbalancedTrees

7 Visualisation of the Information Hyper-tree

In orderto betteranalyseandunderstanthedynamicsof genetiggrogramminguns,we
couldgraphicallyshav the iTreesor their partsassociatedo certaingroupsof genetic
trees.In mary casest is importantto seethe actualtree structuresFor instance the
following questionsighlight the needfor good,andsometimesomple, visualisation
of thepopulation:

1. Whatare the mostcommonstructuesin the bestgeneticprogramsthat were en-
counteedduring arun? In orderto getanansweywe have to first quantify “most
common”and“best”, suchasthenodeshatoccurin atleast80% of thetreeswhose
fitnessis below 0.1 (if we areminimisingfitness).Thenwe constructheiTreecor
respondingo the genetictreesof desiredfithessencounteredaluring the run and
visualisethe nodesA of theiTreewith 74 > 0.8. A smalltreewould shav that
thetreesaresimilar only at very low depth meaningthata diversesetof solutions
hasbeenfound.A large,perhapsparsdreewould shav thatgeneticprogramming
conducted local searcharoundoneoptimum,wherethe found structureis a good
structureIn Fig. 4 we shav the mostcommonbesttree structurethatemepgedin

® Proof. The differencein nodenumbersat depthi of a fully unbalancedTreeis EJ —i1 ™
We completethe proof by summingup thesedifferences.



a run of a symbolicregressionproblem.We qualifiedall treeswith fitnessbelow
0.05 in thebestcategory. Out of the5100treesevaluatedduringtherun, 2163trees
wereconsideredbest.Thelargecommonpartsuggestsilocal searcharoundagood
structure.

Fig. 4. Examplegoodcommonstructureevolvedin aGPrun

2. Whatmalesa goodprogram different from a bad program? One possibility is to
look atthe mostcommonpartof theiTreecorrespondingo the besttreesandthe
mostcommonpartof theiTreecorrespondingo theworsttreesencountereduring
therun. Onecouldalsodo a paralleltraversalof thetwo iTreesandshow only the
nodeghatarecommonin onegroup,but notin theother For theexamplediscussed
at (1), 315treeswerevery unfit, their mostcommonstructurewasthe full tree of
depth3. Thesetof unfittreeswasquitediverse sowe canonly saythatthestructure
shavnin Fig. 4 is good,andthe structuredifferentfrom this onemight be bad.

3. How early in therun do the goodstructuesemepge? Answeringthis questionin-
volvesa comparisorbetweertheiTreeof (1) andtheiTreesof populationsn sub-
sequengenerations.

4. If thereare commorstructuesduringtherun, do they heavilydependntheinitial
population?As in the caseof question(2), we first have to look attheiTreeof the
run (or moreexactly its mostcommonparts),andthencomparet with theiTreesof
populationsn subsequengenerationsThus,we could find whenthesestructures
first appearedThe earlierthesestructuresemege, the morelikely it is that they
dependontheinitial population.

8 CaseStudy

Herewe presentinanalysisbasedniTreesfor asymbolicregressiorproblem.We use
the polynomial (z + 0.2)% (z — 0.5) (z + 0.5) (z — 0.7) with z € [-1,1]. We shav

the resultsfor 50 independentunsof simple geneticprogramming.The initialisation
methodis rampedhalf andhalf, populationshave size 100, runsareallowed 50 gener

ations.Crosseer probability of 90% and mutationprobability of 10% are employed.
We analysethe iTreesfor the runsandthe iTreescorrespondingo the bestandthe
worstgeneticprogramsencounterediuring the run, respectiely. We classifiedasbest



the solution-qualitytrees(with fitness < 0.03) andasworstthe uselesdrees(with
fitness > 1). 37 runsweresuccessfuld runshadacceptableolutionand9 runswere
unsuccessfuln the successfutuns,the goodtreessignificantlyoutnumbethe useless
trees.

In Table1 we show the valuesfor five iTree-basedneasureslescribedn Sections
3 and6. For all measuresthe differencebetweenthe valuefor the bestiTreeandthe
worstiTreeis significant.The bestiTreehasmorenodesthantheworstiTree,thetotal
numberof nodesin the besttreesis largerthanthe total numberof nodesin the worst
trees,meaningthat during evolution moretime is spenton the goodtreesthanon the
badones.Thebesttreesarelargerandfuller thantheworstones As shovnin Fig. 5(a),
the runs producingbettersolutionsevolve a larger rangeof mostly fuller trees.Also,
thebestiTreesarefuller thantheiTreesof theruns.

Table 1. ThemeasuresomputedniTreesof runs,besttreesandworsttreesencountereduring
theruns.Theaverageof 50 runsandcorrespondingonfidencenterval (with 95% confidence)s
presentedn eachcase

M, M, Ms IB, IB;

[x10%] [x10%] [x10°%] [x10%]
Run | 59.7+11.4  389+73.1 4.24+0.26 35.6+6.8 185.6+42.4
Best | 31.8+6.5 249.9+53.9 4.93+0.23 23.5+4.7 143.3+33.6
Wors 10.6+2.6 128+4.6 3.78+022 6.3+1.6 51+2.3

An interestindinearrelationshipemegeshetweertheimbalancg B; ) andthenumber
of nodes(M,) in theiTreesfor all threecaseqFig. 5(b)). The morenodesareinves-
tigated,the moreunbalancedhe iTreebecomesThis is somavhat expectedandis in
line with theliteratureon codegrowth in geneticprogramming.

9 Conclusions

In this paper we motivatedthe needfor anintermediatedatastructureby pointingto

the compleity requiredto conceve and develop populationmeasuresnd visualisa-
tions. In the absenceof efficient and intuitive methods researchersften reducethe

compleity of otheraspect$o make analysigractable However, by usingthe proposed
iTree,several populationmeasuredecomeintuitive and more efficient thanthe tradi-

tional traversalsof the population.Futuregeneticprogrammingsystemsanmale use
of a standardisedlatastructure suchasthe iTree,to allow quicker developmentand

sharingof methodsandmeasureso improve the disseminatiorof scientificideas.
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