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Abstract. To analyse various properties of the search process of genetic pro-
gramming it is useful to quantify the distance between two individuals. Using
operator-based distance measures can make this analysis more accurate and re-
liable than using distance measures which have no relationship with the genetic
operators. This paper extends a recent definition of a distance measure based on
subtree crossover for genetic programming. Empirical studies are presented that
show the suitability of this measure to dynamically calculate the fitness distance
correlation coefficient during the evolution, to constructa fitness sharing system
for genetic programming and to measure genotypic diversityin the population.
These experiments confirm the accuracy of the new measure andits consistency
with the subtree crossover genetic operator.

1 Introduction

Tree-based genetic programming (GP) uses transformation operators on tree structures
[1] to carry out search. These operators define a neighbourhood structure over the trees.
To analyse various dynamics of the GP search process, it is useful to quantify the dis-
tance between two trees in this topological space. For example, the distance between
trees is useful if we want to monitor population diversity (see for instance [2–7]) or
if we want to calculate well-known measures of problem hardness such as fitness dis-
tance correlation (FDC) (see among others [8–11]). Operator-based distance measures
can make calculating distance and the analysis of the searchprocess more accurate [10,
11, 2–5]. The difficulty in defining operator-based distancemeasures was highlighted
in [12]. Defining a distance measure, or a measure of similarity, that is, in some sense
“bound” to (or “consistent” with) the genetic operators informally means that if two
trees arecloseto each other, or similar, one can be transformed into the other in a few
applications of the operator(s). Mutation-based distancemeasures for GP have been de-
fined, the most common being some variations on the Levenshtein edit distance [3] and
the structural distance [7]. In [12], Gustafson and Vanneschi first defined the notion of
a subtree crossover based pseudo-distance measure. In thispaper, we extend and gen-
eralise that definition and we experimentally show the usefulness of this new distance
measure to analyse some properties of the search process.



2 Subtree Crossover Distance

Following the same notation as in [12], letP be a population of trees,T1 be the tree we
want to compute a distance from (or the parent tree),T2 be the tree which we would
like to transformT1 into, and let “T1/T2” be the “difference” of these two trees. By
definition, this difference operator produces a pair of subtrees(sT1 ,sT2), where subtree
sT2 ∈ T2 must replacesT1 ∈ T1 to makeT1 = T2. Supposing thatT1 ∈ P, the subtree
crossover distance (SCD from now on) betweenT1 andT2 depends on the ability to
selectsT2 from some tree inP. Thus, the SCD3 betweenT1 andT2 also depends on
the populationP. One possibility to define the SCD is to consider it as being equal
to 1 in casesT2 ∈ P, since it is possible to transformT1 into T2 in just one crossover
application. On the other hand, ifsT2 /∈ P then it will require more than one applica-
tion of subtree crossover to makeT1 = T2. In that case, calculating the distance would
mean counting all these possible applications. This definition of the SCD clearly has
some problems: we would need to consider all the necessary next populations or, at
least, to approximate them. Creating all the necessary future populations for a partic-
ular application of the SCD is clearly computationally infeasible. We might create the
future expected populations using calculations similar tothe ones found in the schema
theorems for GP [13]. However, finding the future expected populations is also costly,
essentially requiring a similar amount of computation as actually running the GP algo-
rithm. Furthermore, we have assumed that the distance betweenT1 andT2 is equal to 1
if one crossover application toT1 can buildT2. However, when we actually execute our
algorithm, it is not certain that this particular application will occur. Therefore it may
be useful to know the likelihood of creating a particular tree T2 in the next generation.
To overcome the difficulty of defining a multiple operator distance, and to incorporate
the stochastic properties of the algorithm, Gustafson and Vanneschi [12] introduced the
possibility of considering operator-distance in terms of the probability of correctly ap-
plying the operator once. That is, if one tree is in the neighbourhood of another, how
likely is it that this neighbour will be found. Since we know (or we can easily calculate)
the values of parameters like the selection probability of trees and the frequency of all
subtrees in the current population, we could assign a probability to the selection of all
subtrees in the next population. If we know what subtree is required to make two trees
equal, then we may approximate distance in terms of the probability of selecting this
subtree. Thus, given the subtree crossover operatorV, Gustafson and Vanneschi defined

3 The subtree crossover distance that we consider in this paper is a probability and thus it is
clearly not a metric. Furthermore it is not just a function oftwo trees, but also of the population
they belong to and in general it does not respect the properties of metrics (like for instance the
triangle inequality). Thus, the term “pseudo-distance” (in the sense that it indicates how “far
apart” the two items are) would be more appropriate than the term distance. In some senses,
we could say that our measure is more like a similarity/dissimilarity measure than a proper
distance (Euclidean) metric: it conveys information abouthow likely it is to make two trees
equal, which does largely depend on their similarity. Nevertheless, we use the term distance
for the sake of brevity.



the distance function by the following pseudo-code:

func distance(T1,T2,V,P){
(sT1,sT2) = T1/T2

ps1 = probSelecting(sT1,T1)
ps2 = probCreating(sT2,P)
return (1−ps1∗ps2)

}

Given the subtreesT2 that needs to replacesT1 ∈ T1, the distance is defined in terms of
the probability of selectingsT1 in T1 and the probability of creating (or selecting)sT2

from P. Both functions,probSelecting()andprobCreating(), require knowledge of the
selection probabilities used in the algorithm. FindingsT1 andsT2 and determining the
probability of selectingsT1 ∈ T1 can be done in linear time in the size ofT1 andT2.
The probSelecting()function can be defined for subtree crossover based on the node
selection probability. Given uniform node selection, selecting the subtreesT1 ∈ T1 has
the probability of 1

|T1|
. TheprobCreating()function for subtree crossover can be defined

to consider all the occurrences of the subtreesT2 in the population and their probability
of selection. That is, for a tree that containssT2 , we may want to know how likely that
tree will be selected by a selection method. We will then wantto know the probability
of selectingsT2. Since evolutionary algorithms use fitness-based selection to implement
solution competition, not all trees have the same likelihood of being selected. Gustafson
and Vanneschi [12] used this fact to provide an effective wayof reducing complexity
of this operator distance while preserving the utility of the measure: they only consid-
ered those trees and their subtrees that arelikely to be selected. However, the distance
used in [12] presents one major limitation: in that definition, in case a treeT2 cannot
be obtained from a treeT1 with one crossover, the distance betweenT1 andT2 was the
probability of selecting the root ofT1 as crossover point and a subtree equal toT2 from
the population. The likelihood of this event was consideredto be very small and thus it
was approximated to zero (and thus the distance was set to one, i.e. the maximum possi-
ble distance). In other words, the distance between two treesT1 andT2 was equal to one
if T1 andT2 differed in more than one subtree. In some cases, this approximation may
be too coarse, thus compromising the accuracy of the measure(for instance when using
the SCD for calculating the FDC). In this paper, we extend that definition admitting that
the distance between two treesT1 andT2 differing in more than one subtree can have a
smaller value than one and thus overcoming this limitation.The new subtree crossover
distance can be defined as follows: we define a new operatordiff(T1, T2) which returns
theset S= {(s1

T1
,s1

T2
),(s2

T1
,s2

T2
), ...,(sn

T1
,sn

T2
)} such that∀i ∈ [1,n] if we replacesi

T1
with

si
T2

in T2 we obtainT1; diff(T1, T2) returns the empty set ifT1 andT2 share no genetic
material. Now, the new SCD can be defined by the following algorithm:



func SCD(T1,T2,P ){
S= diff (T1,T2)
res= 0
for i = 1 to cardinality(S) do

ps1 = probSelecting(si
T1

,T1)

ps2 = probCreating(si
T2

,P)

res= res+(ps1∗ ps2)
endfor
return(1− res)

}

The main difference between this new definition and the one in[12] is that the returned
value is a sum of probabilities, each of which is the product between the probability of
selecting one subtreesi

T1
and the probability of creating one subtreesi

T2
. The paper [12]

contains a detailed discussion on the computational complexity of the old definition of
crossover distance. The complexity of this new definition isnot much higher than the
complexity of the old one: the most expensive step is storingin a hash table all the
subtrees in the population at each generation (and it was done also in the old version).
Once it has been done, the cost of building theSset differs from the cost of generating
only two subtreessT1 andsT2 (eventually selecting the root ofT1 andsT2 = T2, as in the
old definition) of a linear factor. This new distance measurewill be used in the next
section for analysing some properties of the GP search process.

3 Experimental Results

The goal of this section is to show the suitability of the new definition of SCD for
monitoring various properties of the GP search process. In particular, Section 3.1 shows
how this distance can be used to calculate fitness distance correlation (FDC) inside the
population during the search process, Section 3.2 shows results of fitness sharing using
SCD and Section 3.3 shows how the SCD can be used to measure genotypic diversity
of populations.

3.1 Fitness Distance Correlation

FDC was first proposed as a difficulty measure for GAs in [8]. Itis defined as fol-
lows: given a sampleF = { f1, f2, ..., fn} of n individual fitnesses and a corresponding
sampleD = {d1,d2, ...,dn} of the n distances to the nearest global optimum,FDC =
CFD/(σF σD), where:CFD = 1

n ∑n
i=1( fi − f )(di −d) is the covariance ofF andD and

σF , σD, f andd are the standard deviations and means ofF andD. In [8], Jones pro-
posed that GAs problems may be partitioned into three classes, depending on the value
of the FDC coefficient:misleading(if the FDC is positive, and thus fitness increases as
the distance to the global optimum increases),straightforward(if FDC is negative, and
thus fitness increases as individuals approach the global optimum) anddifficult (if the



there is no correlation between fitness and distance). In [9–11], Vanneschiet al.showed
the suitability of FDC as a measure of problem hardness for tree based GP. In particular,
they used systems with single-node altering transformation operators (like single-node
mutation) and they employed the well known structural distance [7] (which they proved
to be bound to this operator) to accurately calculate the FDC. They also showed that
FDC calculated using structural distance is a reasonable indicator of problem hardness
for GP systems using subtree crossover. Nevertheless, given that no bound was proven
between subtree crossover and structural distance, they used large samples of individ-
uals (and not just the individuals composing the population) to calculate FDC. On the
other hand, the study of the trend of the FDC in the populationduring the evolution
would be very interesting, since this study would be moredynamicthan studying the
FDC once for all on a single large sample of individuals. In fact, this investigation would
allow us to study how the FDC gets modified during the evolution and this information
could allow us to draw some conclusions on the dynamics of theGP search process. In
particular, we could imagine that if the FDC value decreasesduring the evolution and
it tends towards−1, the population is converging towards the global optimum (individ-
uals are approaching the global optimum as fitness is improving). On the other hand, if
the FDC value increases during the evolution, or it remains static at some initial positive
level or at zero, this probably means that the population is converging towards a local
optimum (fitness is improving, but the distance to the globaloptimum is not decreas-
ing). The following experiments have been done to confirm this hypothesis and to test
the suitability of SCD to calculate the FDC.

Syntactic Trees
In the syntactic trees problem, as used in [12], trees are represented using the set of
functionsF = {N}, whereN is a binary operator (N stands for “Non-terminal”) and
the set of terminal symbolsT = {L} (L stands for “Leaf”). No “content” is associated
with the nodes and fitness is simply equal to the edit distance(ED from now on) to a
fixed global optimum. The global optimum of an instance is generated using a random
tree growing algorithm described in [12]. The definition of ED used here is the same
as in [3]. Figure 1(a) shows the tree chosen as optimum for theexperiments in Figure
2, and Figure 1(b) shows the tree chosen as optimum for the experiments in Figure 3.
These experiments have been performed using the following set of parameters: gen-

erational GP, population size of 30 individuals, standard subtree crossover as the only
genetic operator, tournament selection of size 5, ramped half-and-half initialisation,
maximum depth of individuals for the initialisation phase equal to 4, maximum depth
of individuals for crossover equal to 8. All the runs have been stopped at generation 100.
Figure 2 reports the average values (with their standard deviations in Figure 2(b)) of the
best fitness, the average fitness and the FDC (calculated using SCD) in the population
(against generations) over 50 independent GP runs in which the global optimum has
been found before generation 100 (successful runs). Producing 50 successful runs has
been easy, probably for the very simple shape of the tree thatwe have used as optimum
(shown in Figure 1(a)). The method that we have used to collect 50 successful runs was
simply to execute a sequence of GP runs until 50 successful ones were found. It has
been sufficient to execute 52 runs to get 50 successful ones. Figure 3 reports the same



(a) (b)

Fig. 1. (a) The tree used as optimum for the experiments in Figure 2. (b) The tree used as optimum
for the experiments in Figure 3.
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Fig. 2. Syntactic Trees Problem. Average values (a) and average values with their standard devi-
ations (b) of average fitness, best fitness and FDC in the population against generations over 50
independent GP runs. In all these runs the optimum has been found before generation 100. The
tree used as optimum in these experiments was the tree in Figure 1(a).
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Fig. 3. Syntactic Trees Problem. Average values (a) and average values with their standard devi-
ations (b) of average fitness, best fitness and FDC in the population against generations over 50
independent GP runs. In all these runs the optimum hasnot been found before generation 100.
The tree used as optimum in these experiments was the tree in Figure 1(b).
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Fig. 4. (a) The tree used as optimum for the experiments in Figure 5. (b) The tree used as optimum
for the experiments in Figure 6.

information, but this time for 50unsuccessful runs. Collecting 50 unsuccessful runs has
been easy, probably for the particular shape of the tree thathas been used as optimum,
shown in Figure 1(b) (over 61 runs, 50 were successful). These figures show that, in
case of success, the FDC decreases until the global optimum is found and than remains
negative until the end of the run. In case of unsuccessful runs, the FDC value always
stays around zero, independently from the fact that fitness is slightly improving. Our in-
terpretation is that, in this last case the evolutionary process in “leading” the population
towards a local optimum, which probably has a rather large crossover distance from the
global one. For successful runs the fact that FDC is negativeindicates that evolution is
“leading” the population towards the global optimum.

Trap Functions
We now define a problem where trees are represented using the same syntax as in [14],
i.e. by means of the set of functionsF = {B,C} (whereB is a binary operator andC
has arity= 3) and the set of terminal symbolsT = {X}. The fitness of each tree is
a function of its structural distance (as defined in [7]) to a fixed global optimum and
it is not defined here for lack of space (see for instance [11] for a formal definition).
In this paper, it is sufficient to remember that the fitness definition for trap functions
depends on two parameters (calledb andr), which can be used to tune the difficulty
of the problem (see [11] for a detailed discussion). Figure 4(a) shows the tree chosen
as optimum for the experiments in Figure 5 and Figure 4(b) shows the tree chosen as
optimum for the experiments in Figure 6. Parameters used in these experiments are as
follows: generational GP, population size of 100 individuals, standard subtree crossover
used as the sole genetic operator, tournament selection of size 10, ramped half-and-
half initialisation, maximum depth of individuals for the initialisation phase equal to 6,
maximum depth of individuals for crossover equal to 10. Here, we have used larger trees
than in the case of the syntactic tree problem discussed in the previous section (arity 3
nodes and deeper trees have been considered). The reason is that we wanted to test
our hypotheses in different conditions. Figure 5 reports the average values (with their
standard deviations in Figure 5(b)) of the best fitness, the average fitness and the FDC
(calculated using SCD) in the population (against generations) over 50 independent
successful GP runs. The method used to collect 50 successfulruns was the same as the
one discussed in the previous section. In these experiments, we have set theb andr trap
functions parameters as follows:b = 0.9 andr = 0.1. In this way, the fitness landscape
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Fig. 5. Trap Functions. Average values (a) and average values with their standard deviations (b)
of average fitness, best fitness and FDC in the population against generations over 50 independent
GP runs. In all these runs the optimum has been found before generation 100. The tree used as
optimum in these experiments was the tree in Figure 4(a).
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Fig. 6. Trap Functions. Average values (a) and average values with their standard deviations (b)
of average fitness, best fitness and FDC in the population against generations over 50 independent
GP runs. In all these runs the optimum hasnot been found before generation 100. The tree used
as optimum in these experiments was the tree in Figure 4(b).

is easy to search for GP [11] and thus it is easy to have successful runs. Figure 6 reports
the same information as Figure 5, but for 50 independent unsuccessful GP runs. In
this case, theb parameter was set to 0.1 and ther parameter to 0.9 in order to make
the fitness landscape difficult to search for GP [11]. The method used to collect 50
unsuccessful runs was the same as the one discussed in the previous section. In Figure
3(b), the scale on the ordinates axis has been restricted in order to enlarge the graph and
to make it clearer and more readable. These figures show that for successful runs the
FDC decreases until the global optimum is found and than remains negative until the
end of the run, while in case of failure the FDC is always positive. Here the phenomenon
is even more marked than in the case of syntactic trees. In fact, for successful runs
FDC rapidly stabilises to approximately -0.6, while for unsuccessful runs FDC always
remains approximately equal to 0.8. Once again, our conclusion is that the value of
FDC in the population (calculated using the SCD) is a good indicator of the “direction”
the search process is “leading” the population: negative values of the FDC mean that



the search is moving towards a global optimum, while positive values of the FDC mean
that the search is moving towards local ones.

3.2 Fitness Sharing

In the previous section, we have shown that SCD can appropriately be used to dynami-
cally calculate the population FDC during the evolution. However, as discussed in [11],
FDC is not a predictive measure (i.e. the global optima must be known to be able to
calculate it), which makes the FDC almost unusable in practice. Other than a measure
for diversity, can the SCD be useful for practitioners? In this section, we discussfitness
sharing, calculated using the SCD. Fitness sharing is a mechanism, first introduced
by Goldberg and coworkers [15] for GAs, for counteracting premature convergence of
populations. With this scheme, the fitness function is modified to incorporate a sharing
functions, defined to determine the degree of sharing of each individual in the popula-
tion. When fitness sharing is used, the fitness of each individual i in the populationP is
calculated asfs(i) = f (i)/∑ j∈P∧ j 6=i s(d(i, j)), where f is the problem fitness function
andd is a distance measure between genotypes. In this section, wecompare the perfor-
mance of two different fitness sharing systems using the SCD and the ED as distanced
with standard GP systems. For thes function, we have simply useds(x) = 1− x, after
normalizing ED values into the set[0,1] (there is no need of normalising SCD values,
since they are probabilities, and thus they are already included into[0,1]). Experiments
have been done on a problem which is the same as the syntactic tree problem described
in Section 3.1, except for the fitness of an individuali is equal to the sum of the differ-
ences of the number of nodes ofi and the ones of a fixed global optimum for each level
in the trees. This is the same fitness used in [12]. In this way,the global optimum is
not unique, which is a case in which using fitness sharing may be appropriate [15]. GP
parameters are the same as the ones used for syntactic trees in Section 3.1. Results are
shown in Figure 7, where two experiments, with two differentglobal optima, are consid-
ered. These two optima were two different randomly generated trees (whose structure
is not shown here for lack of space). Curves in Figure 7(a) and7(c) show the average
values of the best fitness in the population against generations over 50 independent GP
runs for the two cases where the two different randomly generated trees have been used
as optima. Figures 7(b) and 7(d) show standard deviations ofthe curves in Figures 7(a)
and 7(c) respectively. As these figures show, the fitness sharing system using the SCD
finds, on average, better quality solutions than standard GPand than fitness sharing sys-
tems using the ED for both the cases studied, even though standard deviations bars may
slightly overlap in some cases4. We hypothesise that the better results achieved by the
SCD occur because SCD is bound to the genetic operator used byGP and thus more
accurate than ED in directing the evolutionary search process.

4 In particular, the bars of the fitness sharing system using the ED and the ones of the standard
GP system always overlap. On the other hand, the bars of the fitness sharing system using SCD
and the ones of the other two systems only slightly overlap insome cases.
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Fig. 7. Average best fitness values against generations (Figures (a) and (c)) and average best
fitness values with their standard deviations (Figures (b) and (d)) over 50 independent GP runs
using standard GP (gray curves) and fitness sharing (black curves). Figures (a) and (b) differ from
Figures (c) and (d) for the particular tree chosen as optimum.

3.3 Diversity

In this section, we compare results of population genotypicdiversity calculated by the
SCD with the ones obtained using the ED. In both cases, diversity has been measured
as the standard deviation of the distance of the individualsin the population to a fixed
optimal tree. The problem and GP parameters used in this section are the same as the
syntax trees problem described in Section 3.1, with the onlydifference that the tree cho-
sen as optimum has been randomly generated at the beginning of each GP run (and thus
it changes from one run to the other). Figure 8 shows average values (with their stan-
dard deviations, which are reported in Figure 8(b)) of diversity against generations over
50 independent successful GP runs The method used to collect50 successful runs was
the one presented in section 3.1. Figure 9 reports analogousresults for 50 independent
runs in which the optimum hasnotbeen found before generation 100. Also the method
used to collect 50 unsuccessful runs was the one presented insection 3.1. First of all,
we remark that the behavior of SCD diversity is rather different from the one of ED
diversity: ED diversity is, in general, very “unstable”, inparticular at the beginning of
the runs. On the other hand, SCD diversity has much smaller variations during the evo-
lution. Furthermore, while ED diversity curves are always decreasing and tend towards
zero, the SCD diversity tends to stabilise on a certain valueand to constantly maintain
this value until the end of the runs. Finally, we observe thatin the unsuccessful runs,
SCD diversity tends to stabilise towards zero. This happensbecause in those cases, after
a certain number of generations, all the individuals in the population tend to have a SCD
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Fig. 8. Average values (a) and average values with their standard deviations (b) of population’s
diversity against generations over 50 independent runs. Inall these runs the optimum has been
found before generation 100.
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Fig. 9. Average values (a) and average values with their standard deviations (b) of population’s
diversity against generations over 50 independent runs. Inall these runs the optimum has been
found before generation 100.

to the optimum equal to zero: it becomes more and more difficult to find trees that can
be transformed into the global optimum by simply swapping some of its subtrees with
some other in the population. On the other hand, in the successful runs, SCD diversity
values remain approximately equal to a value that, althoughnot very large, is always
larger than zero. In those cases, producing the optimum by means of crossover from
trees in the population is possible.

4 Conclusions

This paper has two main goals: extending the definition of subtree crossover distance
(SCD) given in [12] and empirically showing that this new measure is useful to investi-
gate some properties of the GP search process. Results that have been presented show
that (1) the SCD is appropriate to study the trend of fitness distance correlation (FDC)
of populations during the evolution; (2) the SCD is also appropriate for fitness sharing,
producing better results than standard GP and than fitness sharing systems using edit



distance (ED); (3) if we use the SCD standard deviation to quantify population diver-
sity, we obtain different results and we capture different properties than if we use ED
standard deviation. We hypothesise that the reason for these results is that the SCD ap-
propriately models subtree crossover. Future work includes exploring other definitions
of operator-based measures and the tradeoffs involved withreducing their complexity.
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