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Abstract. To analyse various properties of the search process of iggmet
gramming it is useful to quantify the distance between twdividuals. Using
operator-based distance measures can make this analyssacmurate and re-
liable than using distance measures which have no rel&tiongth the genetic
operators. This paper extends a recent definition of a distareasure based on
subtree crossover for genetic programming. Empiricalistudre presented that
show the suitability of this measure to dynamically calteilte fitness distance
correlation coefficient during the evolution, to constradttness sharing system
for genetic programming and to measure genotypic diveisityie population.
These experiments confirm the accuracy of the new measurigsacmhsistency
with the subtree crossover genetic operator.

1 Introduction

Tree-based genetic programming (GP) uses transformgpierators on tree structures
[1]to carry out search. These operators define a neighbodrtoucture over the trees.
To analyse various dynamics of the GP search process, iefslue quantify the dis-
tance between two trees in this topological space. For elartie distance between
trees is useful if we want to monitor population diversitedsor instance [2—7]) or
if we want to calculate well-known measures of problem hasdnsuch as fitness dis-
tance correlation (FDC) (see among others [8-11]). Opetseed distance measures
can make calculating distance and the analysis of the spasckss more accurate [10,
11, 2-5]. The difficulty in defining operator-based distaneeasures was highlighted
in [12]. Defining a distance measure, or a measure of sirtyijahat is, in some sense
“bound” to (or “consistent” with) the genetic operatorsanhally means that if two
trees areloseto each other, or similar, one can be transformed into therdtha few
applications of the operator(s). Mutation-based distameasures for GP have been de-
fined, the most common being some variations on the Leveingdé distance [3] and
the structural distance [7]. In [12], Gustafson and Vanhgeficst defined the notion of
a subtree crossover based pseudo-distance measure. paplels we extend and gen-
eralise that definition and we experimentally show the Use&s of this new distance
measure to analyse some properties of the search process.



2 Subtree Crossover Distance

Following the same notation as in [12], Rtbe a population of tree3; be the tree we
want to compute a distance from (or the parent tréghe the tree which we would
like to transformT; into, and let T;/T,” be the “difference” of these two trees. By
definition, this difference operator produces a pair of seé(sr, , sr, ), where subtree
s, € T> must replacesy; € T; to makeT, = T>. Supposing thal; € P, the subtree
crossover distance (SCD from now on) betwdgrand T, depends on the ability to
selectsr, from some tree irP. Thus, the SCB betweenT; and T, also depends on
the populationP. One possibility to define the SCD is to consider it as beingaéq
to 1 in casesy, € P, since it is possible to transfor into T, in just one crossover
application. On the other hand, s, ¢ P then it will require more than one applica-
tion of subtree crossover to make= T,. In that case, calculating the distance would
mean counting all these possible applications. This dafmiof the SCD clearly has
some problems: we would need to consider all the necessatypogulations or, at
least, to approximate them. Creating all the necessarydytapulations for a partic-
ular application of the SCD is clearly computationally ia$éble. We might create the
future expected populations using calculations similahtones found in the schema
theorems for GP [13]. However, finding the future expectepiybations is also costly,
essentially requiring a similar amount of computation asalty running the GP algo-
rithm. Furthermore, we have assumed that the distance befiyandT, is equal to 1

if one crossover application f can buildT,. However, when we actually execute our
algorithm, it is not certain that this particular appliceatiwill occur. Therefore it may
be useful to know the likelihood of creating a particulaetfe in the next generation.
To overcome the difficulty of defining a multiple operatortdisce, and to incorporate
the stochastic properties of the algorithm, Gustafson amh®schi [12] introduced the
possibility of considering operator-distance in termshaf probability of correctly ap-
plying the operator once. That is, if one tree is in the netghthood of another, how
likely is it that this neighbour will be found. Since we knoar (ve can easily calculate)
the values of parameters like the selection probabilityeés and the frequency of all
subtrees in the current population, we could assign a pilifyab the selection of all
subtrees in the next population. If we know what subtreeqdsiired to make two trees
equal, then we may approximate distance in terms of the pilityaof selecting this
subtree. Thus, given the subtree crossover opevat@ustafson and Vanneschi defined

3 The subtree crossover distance that we consider in this ps@eprobability and thus it is
clearly not a metric. Furthermore itis not just a functiorived trees, but also of the population
they belong to and in general it does not respect the preasfimetrics (like for instance the
triangle inequality). Thus, the term “pseudo-distance’tfie sense that it indicates how “far
apart” the two items are) would be more appropriate thandha tistance. In some senses,
we could say that our measure is more like a similarity/difisirity measure than a proper
distance (Euclidean) metric: it conveys information ablooiv likely it is to make two trees
equal, which does largely depend on their similarity. Néh@less, we use the term distance
for the sake of brevity.



the distance function by the following pseudo-code:

func distancely, T, V, P){
(sy,81,) =T1/To
psl = probSelectingsr,, T1)
ps2 = probCreatingsr,,P)
return (1 — pslx ps2)

Given the subtresr, that needs to replack, € Ti, the distance is defined in terms of
the probability of selectingr, in T1 and the probability of creating (or selecting)
from P. Both functionsprobSelecting(andprobCreating() require knowledge of the
selection probabilities used in the algorithm. Findsigandsry, and determining the
probability of selectingsr, € T; can be done in linear time in the size Bf and To.

The probSelecting(function can be defined for subtree crossover based on the nod
selection probability. Given uniform node selection, sgitey the subtreer, € T; has

the probability of‘T—ll‘. TheprobCreating(¥unction for subtree crossover can be defined
to consider all the occurrences of the subggén the population and their probability
of selection. That is, for a tree that contagig we may want to know how likely that
tree will be selected by a selection method. We will then warknow the probability
of selectingsr,. Since evolutionary algorithms use fithess-based sefettiomplement
solution competition, not all trees have the same likelthobbeing selected. Gustafson
and Vanneschi [12] used this fact to provide an effective whgeducing complexity
of this operator distance while preserving the utility of tmeasure: they only consid-
ered those trees and their subtrees thatikedy to be selected. However, the distance
used in [12] presents one major limitation: in that defimition case a tre@, cannot
be obtained from a tre€ with one crossover, the distance betwdgemnd T, was the
probability of selecting the root dffy as crossover point and a subtree equdbtrom
the population. The likelihood of this event was consideoeile very small and thus it
was approximated to zero (and thus the distance was set to@rthe maximum possi-
ble distance). In other words, the distance between tws TreandT, was equal to one

if T1 andT, differed in more than one subtree. In some cases, this ajppativnn may
be too coarse, thus compromising the accuracy of the meg@eurastance when using
the SCD for calculating the FDC). In this paper, we extenddlefinition admitting that
the distance between two tregsandT, differing in more than one subtree can have a
smaller value than one and thus overcoming this limitafidre new subtree crossover
distance can be defined as follows: we define a new opeddttr;, T,) which returns
theset S= {(st,,st,),(%,,%,), .-, (S1,,S1,)} such thati € [1,n] if we replaces;, with

§r2 in T, we obtainTs; diff(Ty, T,) returns the empty set if; and T, share no genetic
material. Now, the new SCD can be defined by the following rdlgm:



func SCD(I—l,Tz, P ){

S=diff (T1,T2)

res=0

for i =1 to cardinality(S) do
psl = probSelectingsy , T1)
ps2 = probCreatings. , P)
res=res+ (pslx pR)

endfor

return(1—res)

}

The main difference between this new definition and the oifi#2his that the returned
value is a sum of probabilities, each of which is the prodetiMeen the probability of
selecting one subtre#%1 and the probability of creating one subtlséze The paper [12]
contains a detailed discussion on the computational cotitplef the old definition of
crossover distance. The complexity of this new definitionas much higher than the
complexity of the old one: the most expensive step is stoiring hash table all the
subtrees in the population at each generation (and it was diso in the old version).
Once it has been done, the cost of building &set differs from the cost of generating
only two subtreesr, andsr, (eventually selecting the root @i andsr, = T, asin the
old definition) of a linear factor. This new distance measailebe used in the next
section for analysing some properties of the GP search gsoce

3 Experimental Results

The goal of this section is to show the suitability of the nesfimition of SCD for
monitoring various properties of the GP search procesatiiqular, Section 3.1 shows
how this distance can be used to calculate fithess distamogaton (FDC) inside the
population during the search process, Section 3.2 showkses fithess sharing using
SCD and Section 3.3 shows how the SCD can be used to measutygerdiversity
of populations.

3.1 Fitness Distance Correlation

FDC was first proposed as a difficulty measure for GAs in [8]sltefined as fol-
lows: given a sampl& = {fy, fo,..., fy} of nindividual fitnesses and a corresponding
sampleD = {d;,dy,...,dn} of then distances to the nearest global optimurRC =
Cep/(0r0Op), Where:Cep = %zi"zl(fi —T)(di —d) is the covariance of andD and

OF, Op, f andd are the standard deviations and meanB @indD. In [8], Jones pro-
posed that GAs problems may be partitioned into three dasiepending on the value
of the FDC coefficientmisleading(if the FDC is positive, and thus fithess increases as
the distance to the global optimum increasssgightforward(if FDC is negative, and
thus fitness increases as individuals approach the globiahem) anddifficult (if the



there is no correlation between fithess and distance). Ihi[PVanneschét al. showed
the suitability of FDC as a measure of problem hardnesséerliased GP. In particular,
they used systems with single-node altering transformatjerators (like single-node
mutation) and they employed the well known structural diség] 7] (which they proved
to be bound to this operator) to accurately calculate the FD{@y also showed that
FDC calculated using structural distance is a reasonafledtor of problem hardness
for GP systems using subtree crossover. Nevertheless) thiméno bound was proven
between subtree crossover and structural distance, tlegylagye samples of individ-
uals (and not just the individuals composing the populatiorcalculate FDC. On the
other hand, the study of the trend of the FDC in the populatiorng the evolution
would be very interesting, since this study would be mayeamicthan studying the
FDC once for all on a single large sample of individuals. kt fthis investigation would
allow us to study how the FDC gets modified during the evotuéind this information
could allow us to draw some conclusions on the dynamics oBtfAeearch process. In
particular, we could imagine that if the FDC value decreakesg the evolution and
it tends towards-1, the population is converging towards the global optimindiyid-
uals are approaching the global optimum as fithess is impg)vOn the other hand, if
the FDC value increases during the evolution, or it remdgiticsat some initial positive
level or at zero, this probably means that the populatiomis/erging towards a local
optimum (fitness is improving, but the distance to the glal@imum is not decreas-
ing). The following experiments have been done to confirm klyipothesis and to test
the suitability of SCD to calculate the FDC.

Syntactic Trees

In the syntactic trees problem, as used in [12], trees anesepted using the set of
functions¥ = {N}, whereN is a binary operatonl\ stands for Non-terminal”) and
the set of terminal symbols = {L} (L stands for Leaf”). No “content” is associated
with the nodes and fitness is simply equal to the edit disté&Befrom now on) to a
fixed global optimum. The global optimum of an instance isegated using a random
tree growing algorithm described in [12]. The definition d) Hsed here is the same
as in [3]. Figure 1(a) shows the tree chosen as optimum foexperiments in Figure
2, and Figure 1(b) shows the tree chosen as optimum for theriexents in Figure 3.
These experiments have been performed using the follovahgfsparameters: gen-
erational GP, population size of 30 individuals, standaatree crossover as the only
genetic operator, tournament selection of size 5, ramp#eahd-half initialisation,
maximum depth of individuals for the initialisation phaspiel to 4, maximum depth
of individuals for crossover equal to 8. All the runs haverbstopped at generation 100.
Figure 2 reports the average values (with their standaritiems in Figure 2(b)) of the
best fitness, the average fithess and the FDC (calculated 8€ID) in the population
(against generations) over 50 independent GP runs in whighglbbal optimum has
been found before generation 1Gu¢cessful rus Producing 50 successful runs has
been easy, probably for the very simple shape of the treavih&ave used as optimum
(shown in Figure 1(a)). The method that we have used to ¢d@successful runs was
simply to execute a sequence of GP runs until 50 successéd were found. It has
been sufficient to execute 52 runs to get 50 successful orggger3 reports the same
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Fig. 1. (a) The tree used as optimum for the experiments in Figut® Z.He tree used as optimum
for the experiments in Figure 3.
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Fig. 2. Syntactic Trees Problem. Average values (a) and averagesvalith their standard devi-
ations (b) of average fitness, best fithess and FDC in the atpulagainst generations over 50
independent GP runs. In all these runs the optimum has beewl foefore generation 100. The
tree used as optimum in these experiments was the tree ineFigal).
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Fig. 3. Syntactic Trees Problem. Average values (a) and averagesvalith their standard devi-
ations (b) of average fitness, best fithess and FDC in the atpalagainst generations over 50
independent GP runs. In all these runs the optimumnoa®een found before generation 100.
The tree used as optimum in these experiments was the trégureR.(b).
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Fig. 4. (a) The tree used as optimum for the experiments in Figutt®) 3:He tree used as optimum
for the experiments in Figure 6.

information, but this time for 50nsuccessful run€ollecting 50 unsuccessful runs has
been easy, probably for the particular shape of the treentimbeen used as optimum,
shown in Figure 1(b) (over 61 runs, 50 were successful). lfigsires show that, in
case of success, the FDC decreases until the global optisifound and than remains
negative until the end of the run. In case of unsuccessfid, e FDC value always
stays around zero, independently from the fact that fitreeslghtly improving. Our in-
terpretation is that, in this last case the evolutionargpss in “leading” the population
towards a local optimum, which probably has a rather largesover distance from the
global one. For successful runs the fact that FDC is negatdieates that evolution is
“leading” the population towards the global optimum.

Trap Functions

We now define a problem where trees are represented usingriesyntax as in [14],
i.e. by means of the set of functioms = {B,C} (whereB is a binary operator an@
has arity= 3) and the set of terminal symbols = {X}. The fitness of each tree is
a function of its structural distance (as defined in [7]) toxadi global optimum and
it is not defined here for lack of space (see for instance [@fdhfformal definition).
In this paper, it is sufficient to remember that the fitnessnitédn for trap functions
depends on two parameters (calledndr), which can be used to tune the difficulty
of the problem (see [11] for a detailed discussion). Figuie 4hows the tree chosen
as optimum for the experiments in Figure 5 and Figure 4(byvshthe tree chosen as
optimum for the experiments in Figure 6. Parameters usdukisetexperiments are as
follows: generational GP, population size of 100 individyatandard subtree crossover
used as the sole genetic operator, tournament selectiozenfl®, ramped half-and-
half initialisation, maximum depth of individuals for theitialisation phase equal to 6,
maximum depth of individuals for crossover equal to 10. Herehave used larger trees
than in the case of the syntactic tree problem discusseiprivious section (arity 3
nodes and deeper trees have been considered). The reabai veetwanted to test
our hypotheses in different conditions. Figure 5 reporésaterage values (with their
standard deviations in Figure 5(b)) of the best fitness, teeage fithess and the FDC
(calculated using SCD) in the population (against genamnaji over 50 independent
successful GP runs. The method used to collect 50 succesafilvas the same as the
one discussed in the previous section. In these experimeatsave set the andr trap
functions parameters as follows= 0.9 andr = 0.1. In this way, the fitness landscape
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Fig.5. Trap Functions. Average values (a) and average values héth standard deviations (b)
of average fitness, best fithess and FDC in the populatiomstggénerations over 50 independent
GP runs. In all these runs the optimum has been found beforergigon 100. The tree used as
optimum in these experiments was the tree in Figure 4(a).

02 - = BestFitness
Avg. Fitness
— FDC

10 20 30

40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100
Generations Generations

(a) (b)

Fig. 6. Trap Functions. Average values (a) and average values khéthstandard deviations (b)
of average fitness, best fithess and FDC in the populatiomstggénerations over 50 independent
GP runs. In all these runs the optimum Imad been found before generation 100. The tree used
as optimum in these experiments was the tree in Figure 4(b).

is easy to search for GP [11] and thus it is easy to have su’otesss. Figure 6 reports
the same information as Figure 5, but for 50 independentaoessful GP runs. In
this case, thd parameter was set taDand ther parameter to @ in order to make
the fitness landscape difficult to search for GP [11]. The wrbthsed to collect 50
unsuccessful runs was the same as the one discussed in vimipreection. In Figure
3(b), the scale on the ordinates axis has been restrictedén o enlarge the graph and
to make it clearer and more readable. These figures showdhati€cessful runs the
FDC decreases until the global optimum is found and than iresrreegative until the
end of the run, while in case of failure the FDC is always pasitHere the phenomenon
is even more marked than in the case of syntactic trees. tnffacsuccessful runs
FDC rapidly stabilises to approximately -0.6, while for unsessful runs FDC always
remains approximately equal to 0.8. Once again, our coiuius that the value of
FDC in the population (calculated using the SCD) is a goodtatdr of the “direction”
the search process is “leading” the population: negatiwegaof the FDC mean that



the search is moving towards a global optimum, while posit@lues of the FDC mean
that the search is moving towards local ones.

3.2 Fitness Sharing

In the previous section, we have shown that SCD can apptepyrize used to dynami-
cally calculate the population FDC during the evolutionwéwer, as discussed in [11],
FDC is not a predictive measure (i.e. the global optima maskrown to be able to
calculate it), which makes the FDC almost unusable in practther than a measure
for diversity, can the SCD be useful for practitioners? lis gection, we discudgness
sharing calculated using the SCD. Fitness sharing is a mechanissh,ritroduced
by Goldberg and coworkers [15] for GAs, for counteractingrpature convergence of
populations. With this scheme, the fitness function is medifo incorporate a sharing
functions, defined to determine the degree of sharing of each indiVidube popula-
tion. When fitness sharing is used, the fitness of each ing#idn the populatiorP is
calculated ads(i) = f(i)/ ¥ jepnjzi S(d(i, ), wheref is the problem fitness function
andd is a distance measure between genotypes. In this sectictgmweare the perfor-
mance of two different fithess sharing systems using the S€Dte ED as distanad
with standard GP systems. For th&nction, we have simply usesfx) = 1— X, after
normalizing ED values into the s@, 1] (there is no need of normalising SCD values,
since they are probabilities, and thus they are alreadydted into[0, 1]). Experiments
have been done on a problem which is the same as the syntaetjgroblem described
in Section 3.1, except for the fitness of an individuisl equal to the sum of the differ-
ences of the number of nodesi@nd the ones of a fixed global optimum for each level
in the trees. This is the same fithess used in [12]. In this Weyglobal optimum is
not unique, which is a case in which using fitness sharing nesggpropriate [15]. GP
parameters are the same as the ones used for syntactiati®estion 3.1. Results are
shown in Figure 7, where two experiments, with two differgliobal optima, are consid-
ered. These two optima were two different randomly gendraes (whose structure
is not shown here for lack of space). Curves in Figure 7(a)®njishow the average
values of the best fitness in the population against geoasativer 50 independent GP
runs for the two cases where the two different randomly geedrtrees have been used
as optima. Figures 7(b) and 7(d) show standard deviatiotieeafurves in Figures 7(a)
and 7(c) respectively. As these figures show, the fithessmghsystem using the SCD
finds, on average, better quality solutions than standardr@@Rhan fitness sharing sys-
tems using the ED for both the cases studied, even thougttesthdeviations bars may
slightly overlap in some castsWe hypothesise that the better results achieved by the
SCD occur because SCD is bound to the genetic operator usé&Ptgnd thus more
accurate than ED in directing the evolutionary search E®ace

4 In particular, the bars of the fitness sharing system usiadefh and the ones of the standard
GP system always overlap. On the other hand, the bars of tless$isharing system using SCD
and the ones of the other two systems only slightly overlsgpine cases.
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Fig.7. Average best fitness values against generations (Figuyean¢a(c)) and average best
fitness values with their standard deviations (Figures (o)) @)) over 50 independent GP runs
using standard GP (gray curves) and fitness sharing (blagkgl Figures (a) and (b) differ from

Figures (c) and (d) for the particular tree chosen as optimum

3.3 Diversity

In this section, we compare results of population genotgpiersity calculated by the
SCD with the ones obtained using the ED. In both cases, dtydras been measured
as the standard deviation of the distance of the individmatise population to a fixed
optimal tree. The problem and GP parameters used in thibeeute the same as the
syntax trees problem described in Section 3.1, with the difflgrence that the tree cho-
sen as optimum has been randomly generated at the begirfréagtoGP run (and thus
it changes from one run to the other). Figure 8 shows averalyes (with their stan-
dard deviations, which are reported in Figure 8(b)) of dsitgragainst generations over
50 independent successful GP runs The method used to calleszstccessful runs was
the one presented in section 3.1. Figure 9 reports analagsults for 50 independent
runs in which the optimum hawotbeen found before generation 100. Also the method
used to collect 50 unsuccessful runs was the one presensedtion 3.1. First of all,
we remark that the behavior of SCD diversity is rather défdérfrom the one of ED
diversity: ED diversity is, in general, very “unstable”, particular at the beginning of
the runs. On the other hand, SCD diversity has much smalt@atiens during the evo-
lution. Furthermore, while ED diversity curves are alwags@asing and tend towards
zero, the SCD diversity tends to stabilise on a certain vahgto constantly maintain
this value until the end of the runs. Finally, we observe thahe unsuccessful runs,
SCD diversity tends to stabilise towards zero. This happenause in those cases, after
a certain number of generations, all the individuals in thydation tend to have a SCD
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Fig. 8. Average values (a) and average values with their standafidtims (b) of population’s
diversity against generations over 50 independent runall ihese runs the optimum has been
found before generation 100.
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Fig. 9. Average values (a) and average values with their standasdtaas (b) of population’s
diversity against generations over 50 independent runall ihese runs the optimum has been
found before generation 100.

to the optimum equal to zero: it becomes more and more diffiofind trees that can
be transformed into the global optimum by simply swappings®f its subtrees with
some other in the population. On the other hand, in the sefidesins, SCD diversity
values remain approximately equal to a value that, althowatvery large, is always
larger than zero. In those cases, producing the optimum kanmef crossover from
trees in the population is possible.

4 Conclusions

This paper has two main goals: extending the definition ofreebcrossover distance
(SCD) given in [12] and empirically showing that this new e is useful to investi-
gate some properties of the GP search process. Resultsatreabhen presented show
that (1) the SCD is appropriate to study the trend of fithestdtce correlation (FDC)
of populations during the evolution; (2) the SCD is also appiate for fithess sharing,
producing better results than standard GP and than fithesmglsystems using edit



distance (ED); (3) if we use the SCD standard deviation tatifyapopulation diver-
sity, we obtain different results and we capture differeiperties than if we use ED
standard deviation. We hypothesise that the reason foe ttessilts is that the SCD ap-
propriately models subtree crossover. Future work indugeloring other definitions
of operator-based measures and the tradeoffs involvedadiicing their complexity.
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